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Dynamic Programming:

Dynamic programming is an algorithm design method that can be used when
the solution to a problem can be viewed as the result of a sequence of decisions.

0/1 knapsack problem:

A solution to the knapsack problem can be obtained by making a sequence of
decisions on the variables x1, X2, ... , Xn.

A decision on variable x; involves determining which of the values O or 1 is to be
assigned to it. Let us assume that decisions on the xi are made in the order xu,
Xn-1, ... , X1. Following a decision on x,, we may be on one of two possible states.
The capacity remaining in the knapsack is m and no profit has accrued (or) the

capacity remaining is m-wn and a profit of p, has accrued. It is clear that the

remaining decisions Xn-1, ... , X1 must be optimal with respect to the problem
state resulting from the decision on x,. Otherwise Xn, Xn-1, ... , X1 will not be
optimal.

The value of the optimal solution with n objects and with knapsack capacity m
is

fa(m) = max { fn-1(m), fo-1(M-Wn)+pn }
In general

fi(y) = max { fi-1(y), fi-r(y-wi)+pi }
If we use the ordered set Si = { (fi(yj),y;) | 1 <j < k} to represent fi(y). Each member
of St is a pair (P,W), where P = fij(y;) and W =y;. Note that SO = {(0, 0)}.
We can compute Si*! from S! by first computing

Sit ={(P,W) | (P-pi, W-wi) €S'}

Now, Si*! can be computed by merging the pairs in St and S;i together. Note that
if Si*! contains two pairs (Pj,W;) and (Px,Wx) with the property that P; < Pxand W;
> Wy, then the pair(P;,W;j) can be discarded. This is called purging rule.
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Eg: Consider the knapsack instance n = 3, (w1, W2, W3) =

(1, 2, 5), and m = 6.

b SP = {(1,2)}

(1,2)}: 8] ={(2,3),(3,5)}

(1,2),(2,3),(3,5)}; 87 = {(5,4),(6,6),(7,7),(8,9)}
,(1,2),(2,3),(5,4),(6,6),(7,7),(8,9}}

= {(0,0
= {(0,0
~ {(0,0).

{(0,0),

M-.-F""\-.-F'\-.-F'\-.-"

(27 37 4)’ (Pl’ P27 Ps) =

Note that the pair (3, 5) has been eliminated from S8 as a result of the Purging

rule.

With m = 6, the value of f3(6) is given by the tuple (6, 6) in SS. The tuple (6, 6) ¢

S2, and so we must set x3 = 1. The pair (6, 6) came from the pair (6-P3, 6-w3) =

(1,2). Hence(1,2) € S2. Since (1,2) e S1, we can set x2 = 0. Since (1,2) ¢ SO, we obtain

x1=1. Hence an optimal solution is (x1, X2, x3)= (1,0,1).

Informal Knapsack Algorithm:

Algorithm DKP(p,w,n,m)

{

= {(0,0)};
fﬂra: lton—1do

Si7h = {(P.W)I(P —pi, W —w;) € 51 and W < m};
S* i= MergePurge(S'~', 5, ')

(PX,WX) :=last pair in §* 3

(PY, WY) := (P 4+ p,, W' + w, ) where W' is the largest W in
any pair in 8™ ! such that W + w, < m;

// Trace back for z, 2, y, ... 2.

if (PX = PY) then x, = 0;

else r,, := 1;

TraceBackFor{x,-1....,x1)3
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All pairs shortest path problem:

Let G = (V, E) be a directed graph with n vertices. Let cost be a cost Adjacency
matrix for G such that cost(i,i)= 0, 1< i < n. Then cost(i,j) is the length (or cost) of
edge <i,j> if <i,j> € E(G) and cost(i,j)= © if i # j and (i,j) ¢ E(G). The all-pairs
shortest-path problem is to determine a matrix A such that A(i,j) is the length of

a shortest path from i to j.

Let us examine a shortest i to j path in G, i # j. This path originates at vertex i
and goes through some intermediate vertices (possibly none) and terminates at
vertex j. We can assume that this path does not contain any cycles. If k is an
intermediate vertex on this shortest path, then the sub paths from i to k and
from k to j must be shortest paths from i to k and k to j, respectively. Otherwise,

the i to j path is not of minimum length.

If k is the intermediate vertex with highest index, then the i to k path is a shortest
i to k path in G going through no vertex with index greater than k-1. Similarly
the k to j path is a shortest k to j path in G going through no vertex of index
greater than k-1.

Using Ak(i,j) to represent the length of a shortest path from i to j going through
no vertex of index greater than k, we obtain

A(i,j) = min { min {;‘1"' Hi, k) + A% (k,j)}, cost(i,7)}

1<lk<n

Clearly, A°(i,j) = cost(i,j), 1si<n, 1<j<n. A shortest path from i to j going through
no vertex higher than k either goes through vertex k or it does not. If it does,
AK(L]) = ARI(iLKk) +AR (k).

If it does not; then no intermediate vertex has index greater than k-1. Hence

Ak (i,j)= Ak1(i,j).Combining, we get

AR(i,5) = min {A¥ Y, g), AR k) + ARk )} k21
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(a) Example digraph

Algorithm AllPaths(cost, A, n)
/[ cost[l :n,1:n]is the cost adjacency matrix of a graph with
/] n vertices; Afi, j| is the cost of a shortest path from vertex

A 1 2 3 A1 2 3
TI 0 4 11 1|0 4 11
26 0 2 216 0 2
3 ‘ 3 w0 303 7 0
(by A" (c)A'

A2| 1 2 3 AVl 2 3
1o a4 6 1[0 4 6
26 0 2 215 0 2
303 7 0 303 7 0
(dyA? (eya?

/] i to vertex j. cost[i,i] = 0.0, for 1 <i < n.

Ali, j] := cost[i, j]; // Copy cost into A.

Ali, j] == min(Ali, j], Ali, k] + A[k. 1]);

{
for i:=1to n do
for j:=1 to n do
for k:=1to n do
for i :=1 to n do
for j:=1to n do
}
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Travelling Sales person problem:

Let G = (V,E) be a directed graph with edge costs Cj. The variable Cj is defined
such that Cj; > O for alli and j and Cj; = « if (i,j) ¢ E. Let |V| = n and assume n
> 1. A tour of G is a directed simple cycle that includes every vertex in V. The
cost of a tour is the sum of the cost of the edges on the tour. The traveling sales
person problem is to find a tour of minimum cost.

Assume that the tour starts and ends at vertex 1. Every tour consists of an edge
(1,k) for some k € V- {1} and a path from vertex k to vertex 1.Thepath from vertex
k to vertexlgoes through each vertex in V- {1} exactly once. It is easy to see that
if the tour is optimal, then the path from k to 1must be a shortest k to 1path
going through all vertices in V- {l,k}. Hence, the principle of optimality holds.

Let g(i,S) be the length of a shortest path starting at vertex i, going through all
vertices in S, and terminating at vertex 1.The function g(l,V-{1}) is the length of
an optimal sales person tour.

From the principle of optimality it follows that
g(1,V —{1}) = min {ew +g(k, V — {1 k})}
In general fori ¢S,
gle. 5) = min{ei; + g(7. § — {71}

gi,®d)=Ci, 1 <i<n.

Then we can obtain g(i, S) for all S of sizel.Then we can obtain g(i, S) for S with
| S|= 2, and so on.

Eg:
(Me——={2) |
T‘*\ a 0 10 15 20
| / 5 0 9 10
f"i“ ¢/ \w% 6 13 0 12
T N/ 8 8 9 0
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9(2.43}) = e +g(3,¢) = 15  g(2,{4}) = 18

g{a,ﬁj ~ 18 9(3.{4}) = 20

g4.{2}) = 13 g(4,{3}) = 15

H(l?jr’l}] = min {egz + g(3,{4}), caq +ﬂ{41}3}]} = 25

5(3-.- 2-4H = min {{:32 +9(21 {4}}1{'3‘1 +g{d1 EH} 25

9(4,{2,3}) = min {es2 +9(2,{3}) .3 + 9(3.{2})} = 23

9(1,{2,3,4}) = min{ciz + g(2,{3,4}),c1a + 9(3,{2,4}), c1a + g(4,{2,3})}
= min{35,40,43}
= 35

An optimal tour of the graph has length 35. Let J(i,S) be the value of j that
minimizes g(i,S).

J(1, {2,3,4) = 2
J(2, 3,4) = 4
J(4,:3}) =3

So, the optimal tour is 1, 2, 4, 3, 1.
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Reliability Design Problem:

The problem is to design a system that is composed of several devices connected
in series.

Ao A ke

Let ri be the reliability of device D; (the probability that device i will function
properly). Then, the reliability of the entire system is riri. Even if the individual
devices are very reliable, the reliability of the system may not be very good. For
example, if n = 10 and r; = 0.99,1< i < 10,then ntr; = 0.904.

Hence, it is desirable to duplicate devices. Multiple copies of the same device type
are connected in parallel through the use of switching circuits.

stage | stage 2 stage 3 stage n

— — pla . -

D |

Dl | | 3 ‘ ‘ D" |

-}1 D, | 4 De | == Ds = = Dy il

| D | -D: D3 | D

1 3 D_'.] " ‘

I | L

The switching circuits determine which devices in any given group are
functioning properly. They then make use of one such device at each stage.

If stage i contains m; copies of device Dj, then the probability that all m; have a
malfunction is (1- rj™i. Hence the reliability of stage i becomes 1-(1- r;)™i. Thus,
if ri = 0.99 and m; = 2, the stage reliability becomes 0.9999.

Let us assume that the reliability of stage i is given by a function ®j(m;) 1<1i < n,
The reliability of the system of stages is 1ti<i<n @i(mij).

Our problem is to use device duplication to maximize reliability. This
maximization is to be carried out under a cost constraint. Let c, be the cost of
each unit of device i and let C be the maximum allowable cost of the system
being designed. We wish to solve the following maximization problem
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maximize 11;<;<, ¢i(m;)
subject to E CiT = e
1<i<n

m; = 1 and integer, 1 <i<n

Assume that each C; >0, so each m; must be in the rangel< m; <uj, where

T

W = '!|-|:f: + i — Z cilfe

1

Let fj(x) represent the maximum value of i< j<i P(m;) subject to the constraints
Yi1<j<iCmjsxad 1< mj<u;, 1 <j<i.

Then, the value of an optimal solution is f,4(C). The last decision made requires
to choose my from {1, 2,3,... , un}. Once a value for mn has been chosen, the
remaining decisions must be such as to use the remaining funds C-cnmn in an
optimal way.

fule) = max  {dy(my)fa_1lc—cymy)}

1< rin < il

In general

filz) = max {¢i(mi)fi1(x — amy)}

Ity
Clearly, fo(x)= 1for all x, 0 < x < c.

Let St consist of tuples of the form (f, x), where f = fi(x). The dominance rule (f1,x1)
dominates (f2,x2) iff f1 2 fo and x1 < x» holds for this problem too. Hence,
dominated tuples can be discarded from Si.

Eg: c1 =30, c2 = 15, c3= 20, C =105, r1 =0.9, 12 = 0.8, r3 = 0.5

Find the maximum  possible devices in each  stage using

i = 'Jl-[f«‘ + o — i ‘-'J:':’HJ

1

ul=2, u2= 3, and u3 = 3.
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SO = {(1,0)}

We can obtain each Si from Si-1 by trying out all possible values for m; and
combining the resulting tuples together.

We can use Sit to represent all tuples obtainable from Si-! by choosing m; = j.
S11={(0.9, 30)}

S21={(0.99, 60)} St={0.9, 30), (0.99, 60)}

S12={(0.72, 45), (0.792, 75)}

S22 = {(0.864, 60)}

Note that the tuple (0.9504, 90) which comes from (0.99,60) has been eliminated
from S22 as this leaves only 15. This is not enough to allow m3=1.

Ss2 = {(0.8928, 75)!

S2={(0.72, 45), (0.864, 60), (0.8928, 75)} as the tuple (0.792, 75) is dominated
by (0.864, 60).

S13={(0.36, 65), (0.432, 80), (0.4464, 95)}

S23 = {(0.54, 85), (0.648, 100)}

S33 = {(0.63, 105)}

S8 ={(0.36, 65), (0.432, 80), (0.54, 85), (0.648, 100)}.

The best design has a reliability of 0.648and a cost of 100.

Tracing back through S’s, we determine that m;=1, m>=2 and m3z=2.

Prepared by: Dr. K Rajendra Prasad, Dept. of CSE(CS), IARE  Page 10



DESIGN AND ANALYSIS OF ALGORITHMS

OBST (Optimal Binary Search Tree):

Binary Search Tree:

A binary search tree T is a binary tree; either it is empty or each node in the tree
contains an identifier, and

i.  All identifiers in the left sub tree of T are less than the identifiers in the
root node T
ii.  All identifiers in the right sub tree of T are greater than the identifiers in
the root node T
iii.  The left and right sub trees of T are also binary search trees.

To determine whether an identifier X is present in a binary search tree, X is
compared with the root. If X is less than the identifier in the root, then the search
continues in the left sub tree. If X equals the identifier in the root, the search
terminates successfully, Otherwise the search continues in the right sub tree.

Consider the following two binary search trees:

" for _ for
( dn N -_“'ﬁile ) do . ’,_' 1nt
Cint ) Cif | bR while )
s (b)
if
{a}

The tree of Figure (a) in the worst case requires four comparisons to find an
identifier, whereas the tree of Figure (b) requires only three. On the average the
two trees need 12/5 and 11/5 comparisons respectively.

This calculation assumes that each identifier is searched for with equal
probability and that no unsuccessful searches are made.
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In a general situation, we can expect different identifiers to be searched for with
different frequencies (or probabilities). In addition, we can expect unsuccessful
searches also to be made.

Let us assume that the given set of identifiers is {ai, a2, az ... an} with a1 < as < a3
< ... < an. Let p(i) be the probability with which we search for a;. Let q(i) be the
probability that the identifier x being searched for is such that ai < x < aj+1, 0 <i
< n. (assume ap = -0 and an+1 = ).

Then, Yo<i<n q(i) the probability of an unsuccessful search.

Y1<isn P(i) HDo<i<nq(i) = 1.

Given this data we wish to construct an optimal binary search tree for {al, a2, a3
.. Qn}.

In obtaining a cost function for binary search trees, it is useful to add an external
node in place of every empty sub tree in the search tree. All other nodes are
internal nodes. If a binary search tree represents n identifiers, then there will be
exactly n internal nodes and n +1external nodes. Every internal node represents
a point where a successful search may terminate. Every external node represents
a point where an unsuccessful search may terminate.

If a successful search terminates at an internal node at level 1, then the expected
cost contribution from the internal node for a; is p(i) * level(aj).

The identifiers not in the binary search tree can be partitioned into n + 1
equivalence classes E;j, O <i < n. The class Eo contains all identifiers x such that
x < ai. The class E1 contains all identifiers x such that ai < x < ai+tl, 1 <i < n.
The class En contains all identifiers x, x > an.

If the failure node for E; is at level 1, then the cost contribution of this node is
q() * (level(Ei)-1).

So the expected cost of a binary search tree is
Y1<i<n P(i)* level(ai) +>o0<i<n q(i) * (level(Ei)-1).

Eg: (al, a2, a3) = (do, if, while)
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( while) (i)
R > . \\
/ \
, . / \
| [] ( do ( while )
L N \'\ *_ .\‘-._, f_
|k?-.- dﬂ ) | | I [ I | [_|
/7 ®
| L
(a)
(do ) (while) ( do )
> o VAt =
. i N
/ \ - ", & .-"'. . _‘
] (i) ( do ) ] [ (while
x"ll \'\ / \\. f_,-" \ Y
/ JUSL S /! S \
P v e
(] |_;r1l_vhl.l_u.3f- ] &;R .If. P, 0. it P,
/ \ / ! \
o N A s R o R o R
(c) (d) (e)

With equal probabilities p(i) = q(i) = 1/7 for all i, we have

cost(tree a) = 15/7
cost(tree b) = 13/7
cost(tree c) = 15/7
cost(tree d) = 15/7
cost(tree e) = 15/7

As expected, tree b is optimal.

With p(l)= 0.5, p(2) = 0.1, p(3) = 0.05, q(0)= 0.15, q(1) = 0.1, q(2)= 0.05 and g(3)=
0.05 we have

cost(tree a) = 2.65

cost(tree b) = 1.9

cost(tree c) = 1.5

cost(tree d) = 2.15

cost(tree e) = 1.6  Tree c is optimal.

Prepared by: Dr. K Rajendra Prasad, Dept. of CSE(CS), IARE  Page 13



DESIGN AND ANALYSIS OF ALGORITHMS

To apply dynamic programming to the problem of obtaining an optimal binary
search tree, we need to view the construction of such a tree as the result of a
sequence of decisions and then observe that the principle of optimality holds
when applied to the problem state resulting from a decision. A possible approach
to this would be to make a decision as to which of the aj's should be assigned to
the root node of the tree.

If we choose ak, then it is clear that the internal nodes for ai, a2, az ... ax-1 as well
as the external nodes for the classes Eo,E1,...,Ex.1 will lie in the left sub tree 1’ of
the root. The remaining nodes will be in the right sub tree r’. So we can define

cost(l) = Y pli) *level(a;) + Y g(i) = (level(E;) — 1)

| < ik O<i<k

and

cost(r) = z plt) * level(a;) + Z gli) * (level( E;) — 1)

k<i<n k<i<n

In both cases the level is measured by regarding the root of the respective sub
tree to be at level 1.

Consider W(i,j) represent the sum

q(i) + i1 (qll) + plD))

we obtain the following as the expected cost of the search tree
plk) + cost(l) + cost(r) + w(0,k = 1) + w(k.n)

If the tree is optimal, then eq(1) must be minimum. Hence, cost(l) must be
minimum over all binary search trees containing ai, az, as... ak-1 and Eo,E1,...,Ex.
1. Similarly cost(r) also must be minimum.

If we use c(i,j) to represent the cost of an optimal binary search tree t;j containing
aj+1 to ajand E,...,E;, then for the tree to be optimal, we must have cost(l) = ¢(0,k-
1) and cost(r)= c(k,n). In addition, k must be chosen such that

plk) 4 e(0k — 1) + e(k,n) + w0,k = 1) + w(k.n)

is minimum.

Hence,
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el0,n) = min {c(0,k — 1) + (b, n) +plk) + w0,k — 1) + w(k,n)}

t<hsn (2)
In general,
cft,j) = ﬂlg {e(i,k — 1) +e(k,7) + plk) +w(i,k — 1) + wlk, j)}
2 |
c(i,j) = min{c(i, k= 1)+ c(k,7)} + w(i,j)
k<

...(3)

Equation (3) can be solved for ¢(0,n) by first computing all c(i,j )such that j-i =1
(note c(i,i)= 0 and w(i,i)= (i), O < i < n). Next we can compute all c(i,j) such that
j-i =2, then all c(i,j) with j - i = 3, and so on.

If during this computation we record the root r(i,j) of each tree t;j, then an optimal
binary search tree can be constructed from these r(i,j). Note that r(i,j) is the value
of k that minimizes eq (3).

Eg: Let n = 4 and (a1, a2, as, a4) = (do,if, int,while). Let p(1:4) = (3,3,1,1) and (O
4) = (2,3,1,1,1). The p's and q's have been multiplied by 16 for convenience.
Initially, we have w(i,i)= q(i), c(i,i)=0 and r(i,i)j= 0, 0 <i < 4.

Using W(i,j)=p()+<q(j)+w(i,j-1),we get

w(0,1) = p(1)+q(l) +w(0,0) =8
¢(0,1) = w(0,1) + min{e(0,0) +¢(1,1)} = 8

r(0,1) = 1

w(l,2) = p(2)+q(2) +w(1,1) = 7

e(1,2) = w(l,2) +min {e(l,1) +¢(2,2)} = 7
r(0,2) = 2

w(2,3) = p3)+q3)+w(2,2) = 3

e(2,3) = w(2,3) +min {¢(2,2) +¢(3,.3)} = 3
r(2.3) = 3

w(3.4) = p(4)+qld)+w(3,3) = 3

e(3.4) = w(3,4) +min {e(3.3) +c(4,4)} = 3

r(3,4) = 4
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] "_'.|_=]. Wiy =
" =10 a3 =0 C a4 =
{] r33={} J"u:{}

0 Cop = : l-‘||='.-.:I

wor =8 | wip=T wyp=3|wy =3
| Cﬂ]=g f‘lz=? f‘zj=q f_"-_q4=3
f'.:]]—i r|3=2 hg—3 r3_1=4

Wiy = I.f-l
4 Ciy = 32
Fog = 2

The box in row i and column j shows the values of w(j,j+i), c(j,j+i) and r(j,j+i)

respectively.
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Algorithm OBST(p.q,n)
Given n distinet identifiers a1 < a- < -+ < a,, and probabilities
1 2 1 I
[/ pli]l, 1 <4 <mn,and gfi], 0 <1< n, this algorithm computes
// the cost cfi, j] of optimal binary search trees t;; for identifiers
// Qig1sees 8y It #:3.-].51.:' computes r|i, 7|, the root of t;;.
// wli.j] is the weight of t;;.

fori:=0ton—1do

{
// lnitialize.
wli, 1] = q[i]3 ri 1] := 05 ¢fi.1] := 0.0;
// Optimal trees with one node
wli, i+ 1] := g[i] + q[i + 1] + p[i + 13
i+ 1] =1+ 13
eliva+ 1] :=q[i] +qli + 1] +pl[i +1];

wln.n = qnly rin,n] = 0; ¢fn,n] = 0.0;
for m:=2 to ndo // Find optimal trees with m nodes.
for i :=0 to n — m do
t
Ji=1 e
wli, j] := wli, j — 1] + pls] + alil;

k= Find{e,r, 4, 7)3

// A value of [ in the range rli, 7 — 1] <

// < rli+ 1, 4] that minimizes c[i, ! — 1] +¢[l, 7];
elir 3] = wli ]+ elisk = 1] + ek, g1
rli,j] == k3

write (c[0, n], w[0,n], r[0, n]);

}

Algorithm Find(c. 1,4, 7)

0
T 1= 00
for m:=rli,j— 1] to r[li+1,7] do
if (¢li.m — 1] +¢[m, j]) < min then

min = cfi,m — 1] +¢c[m, jl; 1 := m;

}

return [;

The time complexity is O(n3).
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